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Abstract 
The Spalart-Allmaras (S-A) turbulence model, the shear-stress transport (SST) turbulence model and their compressibility 
corrections are revaluated for hypersonic compression corner flows by using high-order difference schemes. The compressibility 
effect of density gradient, pressure dilatation and turbulent Mach number is accounted. In order to reduce confusions between 
model uncertainties and discretization errors, the formally fifth-order explicit weighted compact nonlinear scheme (WCNS-E-5) 
is adopted for convection terms, and a fourth-order staggered central difference scheme is applied for viscous terms. The 15° and 
34° compression corners at Mach number 9.22 are investigated. Numerical results show that the original SST model is superior 
to the original S-A model in the resolution of separated regions and predictions of wall pressures and wall heat-flux rates. The 
capability of the S-A model can be largely improved by blending Catris’ and Shur’s compressibility corrections. Among the three 
corrections of the SST model listed in the present paper, Catris’ modification brings the best results. However, the dissipation and 
pressure dilatation corrections result in much larger separated regions than that of the experiment, and are much worse than the 
original SST model as well as the other two corrections. The correction of turbulent Mach number makes the separated region 
slightly smaller than that of the original SST model. Some results of low-order schemes are also presented. When compared to 
the results of the high-order schemes, the separated regions are smaller, and the peak wall pressures and peak heat-flux rates are 
lower in the region of the reattachment points.  
Keywords: aerodynamics; high-order weighted compact nonlinear scheme; hypersonic compression corners; turbulence models; 
compressibility corrections; shock/boundary layer interactions; shock waves 
1. Introduction1 
The state-of-the-art turbulence simulations in engi-
neering application are mainly solving the Reynol- 
ds-averaged Navier-Stokes (RANS) equations. The 
associated turbulence modeling remains a major sou- 
rce of uncertainty in the computational prediction of 
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aerodynamic forces and heating for hypersonic vehi-
cles. Typically, turbulence models have been develop- 
ed for incompressible flows and then extended without 
much change to compressible flows. The extension to 
hypersonic flows is of great challenge because of 
strong compressibility and shock/boundary layer inter- 
actions. As noted by Shyy and Krishnamurty [1], the 
effect of compressibility on the structure of turbulence 
is an important but difficult topic in turbulence model-
ing. Shyy and Krishnamurty [1] also carefully investi-
gated five compressibility issues: a) dissipative nature 
of compressibility; b) the complexities arising due to 
the non-divergent nature of the velocity field; c) add- 
ed time-scale effect due to a non-equilibrium between 
 
Open access under CC BY-NC-ND license.
· 26 · TU Guohua et al. / Chinese Journal of Aeronautics 25(2012) 25-32 No.1 
 
the rates of production and dissipation of turbulent ki- 
netic energy; d) the enthalpic production term; e) the 
term representing the baroclinic effect. Hypersonic 
compression corners usually feature a complex structure 
of interacting shock waves and include shock/bound- 
ary layer interactions, which are known to induce flow 
separation. Subsequent flow reattachment on the ramp 
causes high heat fluxes, which must be predicted ac-
curately to preserve the thermal and structural integrity 
of a vehicle. Then hypersonic compression corners are 
usually selected as benchmark cases to validate tur- 
bulence models. 
Roy [2] and Celic [3], et al. have comprehensively re-
viewed several widely used turbulence models, includ- 
ing one-equation model and two-equation model. Their 
researches show that the Spalart-Allmaras (S-A) 
model [4] and the shear-stress transport (SST) model [5] 
can generally bring out the best performance among 
the models they investigated. A weak aspect of most 
turbulence models is that they are only calibrated for 
two-dimensional (2D) flows and do not contain any 
compressibility corrections for high speed flows. In 
order to make the models suitable for high speed flows, 
many compressibility corrections can be found in a 
great deal of literature, such as Ref. [1] and Refs. [6]- 
[16]. However, Lindblad, et al. [17] argued that the ex-
isting compressibility corrections do not provide gen-
eral improvements and in fact they seem to render pre-
dictions worse, at least for Mach number up to 5.  
In this paper, the two models and some compressibil-
ity corrections are revalued for hypersonic compression 
corners where the shock/boundary layer interactions and 
flow separations dominate the aerodynamic force and 
heating. Our research is different from much related lit- 
erature where the numerical methods are mainly 
low-order (second-order) ones, as high-order difference 
schemes are applied here for the purpose of reducing nu- 
merical errors. The convection terms of the governing 
equations are solved by the formally fifth-order explicit 
weighted compact nonlinear scheme (WCNS-E-5) [18-20], 
and the viscous terms are solved by a fourth-order stag-
gered central scheme [21].  
2. Turbulence Models and Compressibility Cor-
rections 
2.1. S-A one-equation model 
1) The original S-A model [4] (denoted by SAOR)  
( ) ( ){b1 t2D( ) (1 )D C f Stρν ρρ ν ν ν νσ= − + + +⎡ ⎤⎣ ⎦% % % % %∇  ∇·
( ) } 22 2b1b2 w1 w t2 t12CC C f f f Udνν ρ ρκ⎛ ⎞⎛ ⎞− − + Δ⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠ %%∇  
(1) 
where ρ is the density, ν%  the model variable, ν the m- 
olecular kinematic viscosity, t the time, d the distance 
from the field to the nearest wall; v2 /S fΩ ν= +% %  
2( )dκ , Ω = 2 ij iju u the magnitude of the vorticity, 
/ij i ju u x= ∂ ∂ , ui the velocity; ΔU the difference be-
tween the velocity at the field point and that at the trip 
(on the wall); b1 b2 w1, , ,C C C κ and σ are the model 
coefficients, ft1, ft2, fw and  fv2 are the intermediary 
functions. For more details, please refer to Ref. [4]. 
2) Compressibility correction I [6] (denoted by SAC1) 
Usually, the density gradients are notable for hype- 
rsonic flows. A natural way to take into account the den- 
sity effects is to use ρν%  instead of ν%  as working va- 
riable. Deck, et al. [6] put the density into the Hamilton 
operator as follows: 
( ){b1 t2D( ) 1(1 )D C f Stρν ρν ρ ν ν νσ= − + + +⎡ ⎤⎣ ⎦% % % % %·∇ ∇  
( )} 2 2b1b2 w1 w t2 t12CC C f f f Udνν ρν ρ ρκ
⎛ ⎞⎛ ⎞− − + Δ⎜ ⎜ ⎟⎟⎝ ⎠⎠⎝
%% %∇ ∇
 (2) 
3) Compressibility correction II [7-8] (denoted by 
SAC2) 
The density gradients are separated into two parts as 
square root to make the model compatible with the 
logarithmic law as proposed by Catris and Aupoix [7]. 
Shur, et al. [8] also proposed some compressibility cor-
rections for one-equation model and two-equation 
model, and the mixing layer correction of Ref. [8] is 
also applied here. We blending the two corrections to- 
gether as 
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b1 t2
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where a is the sound speed. The last term in Eq. (3) is 
Shur’s mixing layer compressibility correction, where 
C5 = 3.5. 
2.2. SST two-equation model 
1) The original SST model [5] (denoted by SSTOR) 
The original SST model can be written as 
( )tD( ) *D iij kj j j
uk k k
t x x x
ρ τ μ μ σ β ρω⎡ ⎤∂ ∂ ∂= + + −⎢ ⎥∂ ∂ ∂⎢ ⎥⎣ ⎦
 (4) 
( )t
t
D( )
D
ij i
j j j
u
t x x xω
γρτρω ωμ σ μμ
⎡ ⎤∂ ∂ ∂= + + −⎢ ⎥∂ ∂ ∂⎢ ⎥⎣ ⎦
·  
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( )2 12 1 Fβρω Γ+ −            (5) 
where k is the turbulence kinetic energy, ω the specific 
dissipation rate, μ t the turbulent eddy viscosity, μ the 
molecular dynamic viscosity, γ  the special heat ratio, 
τij the viscous stress tensor, F1 the blending function; 
2
j j
k
x x
ωρσ ωΓ ω
∂ ∂= ∂ ∂· · , and σω , σω 2, β and *β are the 
model coefficients. For more details, please refer to 
Ref. [5]. 
2) Compressibility correction I [9] (denoted by SSTC1) 
As the SST model is a blending one of k-ω model 
and k-ε model, Suzen and Hoffmann [9] add the 
compressible dissipation and pressure dilation in the 
k-ε part, while keeping the k-ω part unchanged.  
( )1D( ) 1D iij j
uk F p d
t x
ρ τ ∂ ′′ ′′= + − +∂  
( ) ( )2t 1 t 1* 1 1k
j j
k k Ma F
x x
μ σ μ β ρω α⎡ ⎤∂ ∂ ⎡ ⎤+ − + −⎢ ⎥ ⎣ ⎦∂ ∂⎢ ⎥⎣ ⎦
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(7) 
where ν t = μ t /ρ  is the turbulent kinematic viscosity, 
and Mat is the turbulent Mach number. 
2
2 3 t
i
ij
j
u
p d Ma
x
α τ α ρε⎛ ⎞∂′′ ′′ = − +⎜ ⎟⎜ ⎟∂⎝ ⎠
     (8) 
where 
* kε β ω= ， 2t 22kMa a=          (9) 
The coefficients in Eq. (7) and Eq. (8) are α1=1.0, 
α2=0.4, α3=0.2. 
The pressure dilation, which may be important for 
high speed flow, is modeled by Sarkar [10] (also Suzen, 
et al. [9]) based on direct numerical simulations of iso-
tropic turbulence. 
3) Compressibility correction II [7,11] (denoted by 
SSTC2) 
Catris and Aupoix [7,11] also proposed a modification 
of the diffusion terms in two-equation model to ac-
count for density gradients and retrieve the logarithmic 
law for high Mach number boundary layers.  
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4) Compressibility correction III [12-13] (denoted by 
SSTMat) 
As the turbulent Mach number Mat is very large for 
high speed flow, Wilcox [12] proposed a compressibility 
correction to modify the destruction terms based on 
Mat. This correction for the SST model can be written 
as 
  ( )* * t*
t
1 ( )
( )
F Ma
F Ma
β β ϑ
β β βϑ
⎧ = +⎨ = −⎩
%
%           (12) 
The coefficient ϑ and the function F(Mat) have been 
modeled in several papers. Wilcox’s model is adopted 
in this paper, ϑ =1.5.  
( )2 2t t t0 t t0
t0
( ) ( )
0.25
F Ma Ma Ma H Ma Ma
Ma
⎧ = − −⎪⎨ =⎪⎩
   (13) 
  
1 0
( )
0 0
x
H x
x
>⎧= ⎨ ≤⎩             (14) 
The Mat0 term was introduced by Wilcox [12] to 
make the correction active in compressible free shear 
layers where the turbulent Mach number is high, but 
inactive in the near wall region of boundary layer 
flows where the turbulent Mach number tends to be 
lower. 
For turbulent boundary layers above Mach number 
5, the turbulent Mach number can easily exceed Mat0, 
leading to a significant reduction in skin friction and 
heat transfer predicted for high Mach number turbulent 
boundary layers. In order to allow use of the com-
pressibility correction for Mach number above 5, 
Brown [13] modified Wilcox’s compressibility correc-
tion by redefining the turbulent Mach number. 
           (15) 
The function F1 is already defined for the SST 
model and has the advantage of being a logical indica-
tor of whether the immediate region is the near wall 
region of a turbulent boundary layer. The result is that 
for the SSTMat turbulence model, the compressibility 
correction is applied only outside of the near wall re-
gion of a turbulent boundary layer, regardless of tur-
bulent Mach number. 
3. Numerical Methods 
The WCNS-E-5 developed by Deng, et al. [18-19] is 
applied in this paper for the purpose of reducing nu-
merical errors. For example, E ξ∂ ∂%  can be acquired by 
the following procedures: 
, ,
1/ 2, , 1/ 2, ,
75 ( )
64
i j k
i j k i j k
E
E Eξξ + −∂
∂ = − −
% % %
Δ  
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3/ 2, , 3/ 2, ,
25 ( )
384 i j k i j k
E Eξ + −− +% %Δ  
5/ 2, , 5 / 2, ,
3 ( )
640 i j k i j k
E Eξ + −−% %Δ        (16) 
where E% is the flux along the ξ direction, and Δξ is the 
grid size. The fluxes at cell-edges are 
1/ 2, , 1/ 2, ,1/ 2, , L R
( , ,
i j k i j ki j kE E Q Q+ +
∗ ∗ ∗
+ =% %  
1/ 2, , 1/ 2, , 1/ 2, ,
, , )
i j k i j k i j kx y zξ ξ ξ+ + +% % %           (17) 
where the cell-edge variable
1 2, ,
*
L i j kQ + / and 1 2, ,
*
R i j kQ + /     
are acquired by the fifth-order weighted interpolations 
derived by Deng and Zhang [18], E∗%  represents the 
flux splitting which can also be found in Ref. [18]. The 
cell-edge variable can be obtained by the fourth-order 
interpolation. 
1/ 2, , 1, , , , 1, , 2, ,
1 ( 9 9 )
16i j k i j k i j k i j k i+ j kx x x x x
ξ ξ ξ ξ ξ=% % % % %
+ +
- + + -
-   
(18) 
The cell-node variable, such as 
i, j,kxξ% and ,i, j,kyξ%  are 
calculated by a conservative metric method (CMM) 
developed by Deng, et al [22].  
The numerical method for viscous terms is a fourth- 
order staggered central scheme which can be found in 
Ref. [21]. 
4. Numerical Results 
Oblique shock waves will appear at a hypersonic 
compression corner, and the strong adverse pressure 
gradients may induce flow separation. The peak 
heat-flux rate near the reattachment point may be 
much larger than that of else where. In general, the 
peak heating on a compression ramp may be deter-
mined by the state of the separated flow as it reattaches 
to the ramp surface. The angle of the corner θ has a 
very important effect on the separation region and the 
peak heating. The 15° and 34° hypersonic compression 
corners shown in Fig. 1 are selected in this paper. In 
Fig. 1, Ma∞ is the freestream Mach number, Re∞ is the 
the freestream Reynolds number,T∞ is the freestream 
temperature, wT is the wall temperature. 
Two sets of grids are selected to investigate the grid 
reliance of the results. The first is 81×131 (wall normal× 
streamwise), and the second is 161×261. The y+ of the 
81×131 grid is set to be less than 1. The details of the 
gird are y+≈0.02 at the entrance, y+≈0.1 at the corner, 
and y+≈0.9 behind the separation. Figure 2 shows the 
wall pressure pw and the heat-flux rate wq q∞ acquired 
from the two sets of grids. In Fig. 2, s is the distance 
from the wall station to the corner. It can be seen that 
the two results are almost identical. Then the 81×131 
grid is chosen for our further study. 
 
Fig. 1  Grids and pressure contours of 15° and 34° 
hypersonic compression corners. 
  
Fig. 2  Grid reliance of wall pressures and heat-flux rates 
(SAOR). 
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The results of the original S-A model and its two 
compressibility versions are shown in Fig. 3 and Fig. 4 
for the 15° corner and the 34° corner, respectively. The 
results of the original SST model and its three com-
pressibility versions are shown in Fig. 5 and Fig. 6 for 
the 15° corner and the 34° corner, respectively. The Yee 
and Harten’s [23] second-order total variation diminishing 
(TVD) scheme is also applied, and the results are shown 
in Fig. 3, Fig. 4 and Fig. 6, which indicate that the 
high-order schemes can usually produce better  
 
Fig. 3  Results of 15° corner by S-A turbulence model. 
 
 
Fig. 4  Results of 34° corner by S-A turbulence model. 
 
Fig. 5  Results of 15° corner by SST turbulence model. 
results that that of the second-order scheme on the pre-
sent grids. 
When it comes to the original S-A model (SAOR) 
and the original SST model (SSTOR), we can notice 
from Fig. 3 to Fig. 6 that the SSTOR is more suitable 
for the hypersonic corner flows than the SAOR because 
that the separation regions, the peak pressures as well 
as the peak heat-flux rates of the SSTOR are more 
consistent with experiment data than that of the SAOR.  
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Fig. 6  Results of 34° corner by SST turbulence models. 
Yang [24] and Zhang [25], et al. have also investigated 
some turbulence models for compression corner flows 
and found that the SSTOR is usually better than the 
other models they investigated. 
For the 15° corner, all the numerical results of the 
SAOR and the SSTOR are in good agreement with the 
experiment data provided that the WCNS-E-S scheme 
is applied. The improvements of the compressibility 
corrections are slight and neglectable. 
However, the statements are not true for the 34° 
corner. The separation region of the 34° corner is much 
larger than that of the 15° corner. The large separation 
embarrasses turbulence modeling. The SAOR is defi-
cient in resolving the separation bubble. The SAC1 can 
partly improve the results. The SAC2 gives the best 
result among the three versions of the S-A models (see 
Fig. 4 (a)). 
The SSTOR is fairly good for the hypersonic compres-
sion corner. The SSTC2 can improve the result with a 
marginal degree when compared to the SSTOR. How- 
ever, the SSTC1 and the SSTMat, the two compressibility 
corrections of the SST model, can make the result worse. 
The separation region of the SSTMat is smaller than that 
of the SSTOR and the experiment. Qualitative analysis 
for its reason will be discussed in the latter part of the 
paper. The separation region of the SSTC1 is evidently 
larger than the experiment result. Despite that the dilata-
tion-dissipation correction of the SSTC1 works very well 
for mixing layers, the correction tends to make things 
much worse for shock/boundary layer interacttions and 
separations. Our results are consistent with Lindblad’s [17] 
argument that compressibility corrections may render 
predictions worse for high Mach number flows. Weber, 
et al. [15] also studied several compressibility corrections 
on the same 34° corner by using the Yee and Harten’s [23] 
TVD scheme with their 187×179 grids. Weber’s results 
also indicate that improper compressibility corrections 
may make the numerical results worse. Rumsey [16] re-
marked that Sarkar’s compressibility correction can have 
a detrimental effect on many boundary layer predictions, 
for example, they tend to produce wall skin frictions that 
are too low, and can also negatively impact the size of 
the predicted separation region. We agree with Rum-
sey’s remark to conclude that Sarkar’s dilatation-dissipa- 
tion correction is not suitable for hypersonic boundary 
separation flows. 
The turbulence eddy viscosity μt is shown in Fig. 7. 
It is clear that the shock wave has direct influence on 
turbulence viscosity. Large viscosity appears behind 
the shock wave no matter whether the region is lami-
nar (out of the boundary layer) or turbulence (in the 
boundary layer). Although the SSTC1 can reduce the 
fake turbulence viscosity, it also suppresses the turbu-
lent kinetic production term in the boundary, which 
causes the turbulence viscosity insufficiency. Then the 
separation region is too large. The SSTMat modifies the 
model according to turbulence Mach number which is 
notable for high speed flows. This modification can 
suppress the fake turbulent kinetic energy. Unfortu-
nately, it also causes too much loss of the specific dis-
sipation rate ω.  
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Fig. 7  Turbulence eddy viscosity of 34° corner computed 
by SST model and its compressibility versions. 
As the turbulent viscosity is nearly in proportion to 
k/ω, they are larger than that of the SSTOR (see 
Fig. 7(c)), namely, the dissipation is too high in the 
vicinity of the shock wave. As a consequence, the 
shock wave is smoothed (see Fig. 8), and the peak 
pressure behind the shock wave is lowered (see 
Fig. 6(a)). Then, the separation region is slightly 
smaller than that of the SSTOR and the experiment. 
Brown [13] adopts the function F1 of the SST model to 
modify turbulence Mach number for hypersonic flows. 
Brown’s method is also tested in the 34° corner, and 
the result is slightly improved, but still worse than that 
of the SSTOR and the SSTC2. 
 
Fig. 8 Pressure contours and streamlines of 34° corner     
computed by SST model and its compressibility ver-
sions. 
5. Conclusions 
The original SST turbulence model (SSTOR) shows 
better performance for hypersonic compression corner 
flows than that of the original S-A turbulence model 
(SAOR) in predicting the separation regions, the peak 
pressures and the peak heat-flux rates. Some results of 
a second-order TVD scheme are also given. The re-
sults indicate that the high-order WCNS-E-5 is supe-
rior to the low-order scheme in resolving the separated 
regions, the peak pressures and peak heat-flux rates. 
The S-A model can be largely improved by blending 
Catris and Aupoix’s density gradient correction pro-
posed for logarithmic law and Shur’s correction pro-
posed for mixing layers (SAC2). The density gradient 
correction (SAC1) of Deck, et al. can improve the re-
sults but is insufficient. 
The SSTOR can produce pretty good results for the 
hypersonic corners investigated in this paper. However, 
improper compressibility corrections, such as the dis-
sipation-dilation correction (SSTC1) of Suzen and 
Hoffmann and the turbulent Mach number corrections 
(SSTMat) of Wilcox and Brown, which may be unsuit-
able for hypersonic shock/boundary layer flows, can 
make the results worse. Catris and Aupoix’s density 
gradient correction (SSTC2) is also suitable for the 
two-equation SST model, and the results of the SSTC2 
are in some sort better than those of the SSTOR. 
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